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import numpy as np

class Gaussian:
def _ init_(self, dim):
AV ART Y (HWERHD)
ATV N EEDEEICHDICKRITIN S,
RERIRRE DHIHRMLICES

self.dim = dim

self = ATV TV h%EHET, self.dim F. ATI TV MD dim EWVWSEHZEIET,

L@ BIE. self.dim I dim DEZRATEZIEEZRT

self.set _mean(np.random.randn(dim)) # F 7127 D mean &V)SEHE ST AICHEE
self.set _cov(np.identity(dim))

def log pdf(self, X):
Y EERERRONEEIRY

Parameters

X : numpy.array, shape (sample size, dim)

Returns

log pdf : array, shape (sample_size,)

if X.shape[l] != self.dim: # AJDEZFrv I L TWET
raise ValueError('X.shape must be (sample size, dim)')

return -0.5 * np.sum((X - self.mean) * (np.linalg.solve(self.cov, (X - self.mean).T).T), axis=1) \
-0.5 * self.dim * np.log(2.0 * np.pi) - 0.5 * np.linalg.slogdet(self.cov)[1l]

def fit(self, X):
X B TRAKEZT D

Parameters

X : numpy.array, shape (sample size, dim)
if X.shape[l] != self.dim: # ANDEEZFzv 7L TVWET
raise ValueError('X.shape must be (sample size, dim)')
self.set_mean(np.mean(X, axis=0))
self.set cov((X - self.mean).T @ (X - self.mean) / X.shape[O0])

def sample(self, sample size):

U BRROINSAIEEST Csample_size® DHAXDY Y TIVELERT D

Parameters

sample_size : int

Returns

X : numpy.array, shape (sample size, dim)

ZITIFFY “self.mean™, B “self.cov™ DIERDHICHED



return np.random.multivariate normal(self.mean, self.cov, size=sample size)

def set mean(self, mean):
if mean.shape != (self.dim,):
raise ValueError('input shape inconsistency')
self.mean = mean

def set_cov(self, cov):
if cov.shape != (self.dim, self.dim):
raise ValueError('input shape inconsistency')
if np.linalg.eigvalsh(cov)[0] <= 0:
raise ValueError('covariance matrix must be positive semidefinite.')
self.cov = cov
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In [2]:

class GMM:
def _ init (self, dim, num components):
self.dim = dim
self.num components = num_components

self.weight = np.ones(self.num components) / self.num components

self.gaussian_list = []

for _ in range(self.num components):
self.gaussian_list.append(Gaussian(dim))




# gmm DA T NOTE

gmm = GMM(2, 10)

for each gaussian in gmm.gaussian_ list:
print(each _gaussian.mean)

print(gmm.weight)

[-1.25462092 -1.82017052]
[ 0.99517006 -0.86799094]
[-0.24168144 -0.5848659 ]
[0.66817788 1.43662414]

[ 0.2356525 -0.0985901]
[-1.27944102 -1.19110926]
[1.73598228 0.64478977]
[-0.74243853 0.83627025]
[-0.3322728 -1.22486882]
[-0.33892262 -0.30829646]
(.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1]



L. EMZILTUXLTINOXIHEEZT S fit ZE W

e log pdf :BEDNFAYZAWTH Y ZILONELEZSAETEZAY YR
e e step:EXT YT ZERITIBDAXAY YR
e m step: MRAFT Y 7ZERITTEHIAY YN

D3D2EFREL, Ih5ZzHAEDLET fit 2E<
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e UYVTINDNBAEEZTETSXY YR log pdf Z GMM ICEEE L
» 5IEC XY TG A I XRITDITA
n ROME: [logp(x1;0) ... logp(zn;0)] (QIFREOKRIBIREER D)

K
p(xn;0) = Y N (0; i, )
p



class GMM:

def

def

__init_ (self, dim, num_components):

self. dim = dim

self.num components = num_components

self.gaussian list = []

self.weight = np.ones(self.num components) / self.num components

for _ in range(self.num components):
self.gaussian_list.append(Gaussian(dim))

log_pdf(self, X):
sample size = X.shape[0]
likelihood = np.zeros(sample size) # BET—SDLEEFETS

Z Z TCIREDAEIREETD likelihood %EtET S

** BV xx
self.gaussian list DRERIE caussian JF7RADATI VU~
BT—IDRBAEEEHET D log pdf EVWSHENERELTHo 1

return np.log(likelihood) # XELEDBL LD TH#HZE LS



E> b
e self.gaussian list[0].log pdf(X) TV X DTF—FZENZFNICHT S

NEAEEZETET S
» X H sample size X dim &9 5&. RDEIFRKSE sample size DECH!

o self.weight[0] & p(z = 0;0) lcHET S
e self.weight[0] * np.exp(self.gaussian 1list[0].log pdf (X)) &
np.exp(self.gaussian list[0].log pdf (X)) DHEXRIC
self.weight[0] Z#H I cEZIRT
» ANT— * Bl £ELC L. BIDRERICAAZT—ZHITTIND
( numpy DiC/E)



class GMM:

def  init (self, dim, num components):
self. dim = dim
self.num components = num components
self.gaussian list = []
self.weight = np.ones(self.num components) / self.num components
for _ in range(self.num_ components):

self.gaussian_list.append(Gaussian(dim))

def log pdf(self, X):
sample size = X.shape[O0]
likelihood = np.zeros(sample size) # &7 —YDLEZFETZ
for each component in range(self.num components):
likelihood = likelihood + self.weight[each_component] * np.exp(self.gaussian_list[each_component].log pdf (X))
return np.log(likelihood)



gmm = GMM(2, 10)

gmm.log_pdf (np.random.randn (100, 2)) # EDBATEAHLFELTETNS

array([-2.42890953,

4 , -2.54919883,
-3.18838796,
67, -3.616352 ,
-2.41190419,
65, -2.95322284,
~-3.07209753,
55, -2.55410012,
~-3.30352519,
44, -2.77684842,
~2.41531244,
68, -2.5418724 ,
-2.59285025,
37, -2.75437241,
~2.71012705,
06, -3.98600255,
-2.53419636,
94, -2.42418163,
-2.67204016,
11, -2.56987634,

-2.57098463,

98, -4.33799425,

.29993215, -2
52215471, -4
.18394856, -2
.88778662, -3
.82629689, -2
.54714787, -2
.23483295, -2
.76226652, -3
.09606582, -2
.04934467, -2
.45805997, -3

.46059984, -2.477238
.35669639, -3.028049
.5481564 , -2.437290
.2682654 , -3.138007
.59278282, -2.803882
.51007703, -2.685202
.65039217, -2.907748
.39445636, -2.779314
.86469489, -3.414635
.75339398, -2.811171
.26755391, -3.252823



~3.14687496, -2.52041462, -2.41449727, -2.582087
53, -3.85965197,

-3.1363485 , -2.79143713, -2.88185325, -3.825166
11, -3.014149 ,

-3.36557815, -2.79472947, -4.07461649, -2.542096
31, -3.12977993,

~3.91130599, -3.11013362, -4.14445514, -2.580833
7 , -3.00212269,

-2.41316221, -2.69126879, -3.32938204, -3.630608
26, -5.46692515,

~2.98374388, -2.93410862, -2.46148501, -2.409480
83, -2.46919814,

~-3.59913518, -2.54155646, -3.00865618, -3.286860
04, -3.30584632,

~-3.50391786, -2.91510929, -2.80404805, -6.857683
46, -2.94536692,

-3.58193576, -2.47724219, -2.39626848, -3.631551
4 , -2.39161246])
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EXTv7ZER{TI25AY YR e step ZEEE&
» 5|8 7—% X: sample size dim ODEI
= 7T
o EDQLDBFEATHAINEMN?

X EY 0L ->f0T B I00EERMGEZT—YDHIEITHEAINIEREZES

" num_components

e posterior: sample size num components D& L TH A

e posterior[n, k] =



E-step: foreachn =1,...,N,k=1,..., K,

TN (2 g, 2

q(z, = k) <
Z?:l ﬂ-k/\/(wna M, Ek)



class GMM:

def _ init_(self, dim, num components):
self.dim = dim
self.num_components = num_components
self.gaussian_list = []
self.weight = np.ones(self.num components) / self.num components
for _ in range(self.num components):

self.gaussian_list.append(Gaussian(dim))

def log pdf(self, X):
sample size = X.shape[O0]
likelihood = np.zeros(sample size) # &7 — S DLEZ:FEHTZ
for each component in range(self.num components):
likelihood = likelihood + self.weight[each component] * np.exp(self.gaussian_list[each component].log pdf (X))
return np.log(likelihood)

def e step(self, X):
sample size = X.shape[0]
posterior = np.zeros((sample_size, self.num components))

ZZxBDHDB

% BV xx

£ n lCD2WT, DEIFEE

1. DFZEICETEL T posterior IEANTULES

2. posterior[n, :].sum() FPRBEFELLLES

3. posterior[n, :] = posterior[n, :] / posterior[n, :].sum() ETHNIFRIZS

return posterior



class GMM:

def  init (self, dim, num components):
self.dim = dim
self.num components = num_components
self.gaussian_list = []
self.weight = np.ones(self.num components) / self.num components
for _ in range(self.num components):

self.gaussian_ list.append(Gaussian(dim))

def log pdf(self, X):
sample size = X.shape[0]
likelihood = np.zeros(sample size) # &7 — Y DLEZFETS
for each component in range(self.num components):
likelihood = likelihood + self.weight[each component] * np.exp(self.gaussian list[each component].log pdf (X))
return np.log(likelihood)

def e step(self, X):
sample size = X.shape[0]
posterior = np.zeros((sample_size, self.num components))
# HIVN—F> N THELEDEGTETESZDT. ZhZEFIF
for each component in range(self.num components):
posterior[:, each_component] \
= self.weight[each component] * np.exp(self.gaussian list[each component].log pdf (X))

# FEDTEHREL TNBLY, for X TP > THoKk (ELSHSBIFE)
posterior = posterior / posterior.sum(axis=1).reshape(-1, 1)
return posterior



In [18]:

# g lBBT—IDEES5DIR—FK MWD ERL TNSDT,
# TABIEL DIFRICHE > THL LY

gmm = GMM(2, 2)

X = gmm.gaussian_list[0].mean.reshape(l, 2)

print(gmm.e_step(X))
X = gmm.gaussian_list[1l].mean.reshape(l, 2)
print(gmm.e_step(X))

[[0.86539486 0.13460514]]

[[0.13460514 0.86539486]]
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class GMM:

def  init (self, dim, num components):
self.dim = dim
self.num components = num_components
self.gaussian list = []
self.weight = np.ones(self.num components) / self.num components
for _ in range(self.num components):

self.gaussian_list.append(Gaussian(dim))

def fit(self, X, eps=le-8):
sample size = X.shape[O0]
converge = False
old_11 = -np.inf
new_11 = -np.inf
while not converge:
posterior = self.e step(X)
self.m step(X, posterior)
new_11 = self.log pdf(X).sum()
if new 11 < old_11:
raise ValueError('likelihood decreases!')
if np.abs(old_11 - new 11) / np.abs(new_11l) < eps:
converge = True
old_11 = new_11
return posterior

def e step(self, X):
posterior = np.zeros((X.shape[0], self.num components))
for each component in range(self.num components):
posterior[:, each_component] \
= self.weight[each_component] * np.exp(self.gaussian list[each component].log pdf (X))
posterior = posterior / posterior.sum(axis=1).reshape(-1, 1)
return posterior

def m_step(self, X, posterior):
self.weight = posterior.sum(axis=0)
for each component in range(self.num components):
self.gaussian_ list[each component].set mean(posterior[:, each component] @ X / self.weight[each component])
self.gaussian_list[each component].set cov(
(posterior[:, each component] * (X - self.gaussian_ list[each_component].mean).T) \
@ (X - self.gaussian list[each component].mean) / self.weight[each component])
self.weight = self.weight / np.sum(self.weight)

def log pdf(self, X):
sample size = X.shape[0]
likelihood = np.zeros(sample size) # &7 — S DLEZ:FEHT 2
for each component in range(self.num components):
likelihood = likelihood + self.weight[each_component] * np.exp(self.gaussian_list[each_component].log pdf (X))
return np.log(likelihood)



In [20]:

X = np.vstack((np.random.randn(100, 3), np.random.randn(100, 3) + 3))
gmm = GMM(3, 2)

posterior = gmm.fit(X)




In [20]:

X = np.vstack((np.random.randn(100, 3), np.random.randn(100, 3) + 3))
gmm = GMM(3, 2)
posterior = gmm.fit(X)

In [14]:

[-0.15634628 0.0826993 0.04664785]

[2.99283013 3.03949123 2.96590465]




posterior

array([[9.99999972e-01,
[9.97371053e-01,
[9.99999983e-01,
[9.99999198e-01,
[9.97733881e-01,
[9.99476715e-01,
[1.00000000e+00,
[9.99999944e-01,
[9.99999202e-01,
[9.99999991e-01,
[9.99999993e-01,
[9.99999999e-01,
[9.99999990e-01,
[9.99999938e-01,
[9.99999869e-01,
[9.99999999e-01,
[9.99985013e-01,
[9.99999998e-01,
[9.99999962e-01,
[1.00000000e+00,
[9.99999127e-01,
[9.99913754e-01,
[9.99999913e-01,
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.80218650e-081,
.62894687e-031],
.65791801e-081,
.01597957e-071,
.26611868e-031],
.23284529e-041,
.67816857e-111,
.63259856e-081,
.98373347e-07],
.98339412e-097,
.14412263e-097],
.20960106e-107,
.79199031e-097],
.21605991e-081,
.30754432e-071,
.47173169e-107,
.49867177e-051,
.76905802e-091,
.82747890e-081,
.07185145e-131,
.72579183e-07],
.62462203e-05],
.65319842e-081,



