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p(X) =) p(X | Z = 2)p(Z = z)
zeZ
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® p(Z) /J:Elbé:”A

o p(X): &RWICKESNS DT
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BREDOALA DA HZREELIEETIL

K
p(X) =Y p(X | Z =k)p(Z = k)
k=1
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X | Z=k)=NX; ue,Z) (ue € RP, T, € SP)

pZ=ky=m (k=1,..,K)
2T Y = 1 PRDIDET B,
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In [2]: import numpy as np
import matplotlib.pyplot as plt

np.random.seed(0)

def gmm sampling(sample size):
z _sample = np.random.binomial(n=1, p=0.5, size=(sample size,))
x_sample = np.random.randn(sample size)
return X sample + 10.0 * z sample - 5.0

sample = gmm sampling(10000)
plt.hist(sample, bins=100)
plt.show()
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n=1
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N K
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In [3]:

import numpy as np

class Gaussian:

def

HIHHE

def

f.mean).
ov)[1]

def

__init (self, dim):

VR NSO (BIEWVWRED)
AT O NEEBEFICIDICEITES B,
PNEBIK BE DTRAE IC (€ S

rra

self.dim = dim

rr

self = A7t O RN%E#59, self.dim Id. A7t D dim EWVWSEHEIET,
FDep5lE. self.dim I dim DIEZHAT B EEZEXRT

rr

self.set mean(np.random.randn(dim)) # 7717 ~D mean EVWSEHZEZTAIC
self.set cov(np.identity(dim))

log pdf(self, X):
" ERERER DN ERT

Parameters

log pdf : array, shape (sample size,)

if X.shape[l] != self.dim: # AJDEZFTv I LTWFET

raise ValueError('X.shape must be (sample size, dim)')
return -0.5 * np.sum((X - self.mean) * (np.linalg.solve(self.cov, (X - sel
T).T), axis=1) \

-0.5 * self.dim * np.log(2.0 * np.pi) - 0.5 * np.linalg.slogdet(self.c

fit(self, X):
"X BRSO TRLEEE TS

Parameters
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In [4]: class GMM:

def init (self, dim, num components):
self.dim = dim
self.num components = num components

self.weight = np.ones(self.num components) / self.num components
self.gaussian list = []
for in range(self.num components):

self.gaussian list.append(Gaussian(dim))



In [5]:

# gmm DA TS NOTEF/

gmm = GMM(2, 10)

for each gaussian in gmm.gaussian list:
print(each gaussian.mean)

print (gmm.weight)

[ 0.11684931 -1.71658838]
[-1.10708776 0.25183766]

[-1.24486871 0.55898262]

[ 1.77706673 -1.59593316]

[ 1.5407428 -0.58973061]

[-1.81424689 0.16981966]

[-0.12951037 0.52775457]

[ 0.24461285 -0.3235077 ]

[1.2561859 0.75503971]

[ 0.15138818 -0.42148386]

[0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1]



L. EMZILTVYXLTINOAGHEEZT D fit Z2F SV

o log pdf: IRED/NIXYZRAWTH Y FILORKELEZFTE T DAYV YR
® e stepEXT YT ZEERTIBAV YR
om step MAT VYT ZETITDHIXAYV YR

D3DZEREL. INSZEHAELET fit 2EL
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k=1



In [6]:

class GMM:

def

def

__init (self, dim, num components):

self. dim = dim
self.num components = num components
self.gaussian list = []
self.weight = np.ones(self.num components) / self.num components
for in range(self.num components):
self.gaussian list.append(Gaussian(dim))

log pdf(self, X):
sample size = X.shape[0]
likelihood = np.zeros(sample size) # BTFr—SDLEZFETS

rra

C C TREDAEFRAETD 1ikelihood Z51HT S

% RN A%
self.gaussian list D& ZEFHKIE Gaussian 7 ZXDA TS Uk
BTr—SDHBLEZSIET S log pdf EVWSHHENERELTH >/

rr

return np.log(likelihood) # XZCLEDHIL LD TH# 7 &3



¥k

® self.gaussian list[0].log pdf(X) ET >V TILxDT—FZENENICXTT
DNBAEZAET D
m X H'sample sizexdim &9 B &, RDEBEIFRSE sample size OFCH!

® self.weight[0] (& p(z = 0;0) ICXHILT S
® self.weight[0] * np.exp(self.gaussian 1list[0].log pdf (X)) &
np.exp(self.gaussian list[0].log pdf (X)) DEERIC
self.weight[0] ZHEMNIcEZIRT
m AHT7— * Al £EC & BINDREBERICAAT—ZHIT TN
(numpy DECIE)



In [7]: class GMM:

def init (self, dim, num components):
self. dim = dim
self.num components = num components

self.gaussian list = []
self.weight = np.ones(self.num components) / self.num components
for in range(self.num components):

self.gaussian list.append(Gaussian(dim))

def log pdf(self, X):
sample size = X.shape[0]
likelihood = np.zeros(sample size) # BTFr—SDLEZFETS
for each component in range(self.num components):
likelihood = likelihood + self.weight[each component] * np.exp(self.ga
ussian_ list[each component].log pdf (X))
return np.log(likelihood)



In [16]:

Out[l6]:

gmm = GMM(2,

10)

gmm.log pdf (np.random.randn (100, 2)) # EDBATHDFEILTETLS

array([-3.

12648963,
-3.0071172
-2.66778609,
-3.25383126,
-4.03689065,
-2.64458188,
-3.02748979,
-2.73534958,
-3.21928694,
-3.49531004,
-3.11221332,
-3.27197597,
-4.89665286,
-2.66797893,
-3.35130862,
-2.59168975,
-3.23305835,
-2.66453107,
-3.70887009,
-2.99258731,

.86705701, -2.
.62457074, -2.
.91656884, -3.
.84392495, -2.
.83441528, -2.
.79363847, -2.
.64780433, -2.
.05715522, -2.
.54947664, -3.
.53836991, -3.
.57703954, -3.
.80149132, -3.
.68778129, -3.
.89198018, -3.
.74938948, -3.
.55253307, -3.
.40850046, -3.
.55463812, -2.
.55214124, -3.
.05604243, -3.

57161702, -3.
88583395, -2.
43291286, -2.
79003912, -2.
75630803, -2.
87221519, -3.
63585142, -3.
72387022, -4.
14211745, -2.
18854928, -3.
19613213, -3.
1221321 , -4.
14177503, -2.
92306412, -3.
1884004 , -3.
3592686 , -4.
27423081, -2.
71222266, -3.
24868335, -2.
21803488, -3.

06551493,
95423388,
61947626,
66291126,
67636738,
10244486,
09722914,
5341286 ,
74879231,
53895284,
35386561,
38693956,
7074782 ,
82068393,
23102166,
24582831,
89178352,
1569365 ,
5982095 ,
46556688,

-2.

-2

-2

65614086,

.93725819,
-3.
-2.
-3.
-2.

44059698,
99469256,
75517664,
69670577,

.58475377,
-3.
-3.
-2.
-2.
-3.
-3.
-3.
-3.
-3.
-3.
-2.
-3.
-2.

08127239,
44220236,
55987735,
7605182
09966228,
16332312,
72077715,
44943404,
83563231,
01971239,
73207968,
72506253,
615411357])
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In [9]:

class GMM:

def

def

def

__init (self, dim, num components):
self.dim = dim
self.num components = num components
self.gaussian list = []
self.weight = np.ones(self.num components) / self.num components
for in range(self.num components):
self.gaussian list.append(Gaussian(dim))

log pdf(self, X):
sample size = X.shape[0]
likelihood = np.zeros(sample size) # BTFr—SDLEZFETS
for each component in range(self.num components):
likelihood = likelihood + self.weight[each component] * np.exp(self.ga

ussian_ list[each component].log pdf (X))

return np.log(likelihood)

e step(self, X):
sample size = X.shape[0]
posterior = np.zeros((sample size, self.num components))

rra

CCHEEDHD

**k N A%

& n ICDVT, DEHEIE

1. B FZFEICETEL T posterior ICANTLES

2. posterior[n, :].sum() IFT7EEFLLSEKSB

3. posterior[n, :] = posterior[n, :] / posterior[n, :].sum() &EFHIFTRIF

rr

return posterior



In [17]: class GMM:

def init (self, dim, num components):
self.dim = dim
self.num components = num components

self.gaussian list = []
self.weight = np.ones(self.num components) / self.num components
for in range(self.num components):

self.gaussian list.append(Gaussian(dim))

def log pdf(self, X):
sample size = X.shape[0]
likelihood = np.zeros(sample size) # BTFr—SDLEZFETS
for each component in range(self.num components):
likelihood = likelihood + self.weight[each component] * np.exp(self.ga
ussian_ list[each component].log pdf (X))
return np.log(likelihood)

def e step(self, X):
sample size = X.shape[0]
posterior = np.zeros((sample size, self.num components))
# BAVIN—F>2 N THHLEDGTETEF DT FhzflF
for each component in range(self.num components):
posterior[:, each component] \
= self.weight[each component] * np.exp(self.gaussian list[each comp
onent].log pdf (X))

# FEDTIEHENELTNWBD, for XTPo>THOK (ELSHBITE)
posterior = posterior / posterior.sum(axis=1).reshape(-1, 1)
return posterior



In [18]: # q T —DESS5DIVRN—RY NCHEWHERLTWBEDT,
# TABREC DIFRICE > THU L)
gmm = GMM(2, 2)
X = gmm.gaussian list[0].mean.reshape(l, 2)
print(gmm.e_ step(X))
X = gmm.gaussian list[l].mean.reshape(l, 2)
print(gmm.e_ step(X))

[[0.86539486 0.13460514]]
[[0.13460514 0.86539486]]
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In [19]: class GMM:

def init (self, dim, num components):
self.dim = dim
self.num components = num components
self.gaussian list = []
self.weight = np.ones(self.num components) / self.num components
for in range(self.num components):

self.gaussian list.append(Gaussian(dim))

def fit(self, X, eps=le-8):
sample size = X.shape[0]
converge = False
old 11 = -np.inf
new 11 = -np.inf
while not converge:
posterior = self.e step(X)
self.m step(X, posterior)
new 11 = self.log pdf(X).sum()
if new 11 < old 11:
raise ValueError('likelihood decreases!')
if np.abs(old 11 - new 11) / np.abs(new _11l) < eps:
converge = True
old 11 = new_11
return posterior

def e step(self, X):

posterior = np.zeros((X.shape[0], self.num components))

for each component in range(self.num components):

posterior[:, each component] \
= self.weight[each component] * np.exp(self.gaussian list[each comp
onent].log pdf(X))
posterior = posterior / posterior.sum(axis=1).reshape(-1, 1)
return posterior

def m step(self, X, posterior):
self.weight = posterior.sum(axis=0)
for each component in range(self.num components):
self.gaussian list[each component].set mean(posterior[:, each componen
t] @ X / self.weight[each component])






In [20]: X = np.vstack((np.random.randn(100, 3), np.random.randn(100, 3) + 3))
gmm = GMM(3, 2)
posterior = gmm.fit(X)

In [14]: print(gmm.gaussian list[0].mean)
print(gmm.gaussian list[1l].mean)

[-0.15634628 0.0826993 0.04664785]
[2.99283013 3.03949123 2.96590465]



In [15]:

out[15]:

posterior

array([[9.
[9.
[9.
[9.
[9.
[9.
[1.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[1.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[9.
[1.
[9.
[9.

99999972e-01,
97371053e-01,
99999983e-01,
99999198e-01,
97733881e-01,
99476715e-01,
00000000e+00,
99999944e-01,
99999202e-01,
99999991e-01,
99999993e-01,
99999999%e-01,
99999990e-01,
99999938e-01,
99999869e-01,
99999999%e-01,
99985013e-01,
99999998e-01,
99999962e-01,
00000000e+00,
99999127e-01,
99913754e-01,
99999913e-01,
99999983e-01,
99999986e-01,
99999892e-01,
88421571e-01,
99999964e-01,
99999663e-01,
99999985e-01,
99999572e-01,
59783355e-01,
97050613e-01,
99999961e-01,
00000000e+00,
99999878e-01,
99965215e-01,

WKFE OWWNEEEPFRPOWLWWRRPRPRPRPOOOOODWRFRPNPFPODOWOUNNJOONNOITOTOINDOOEFEDNMNDN

.80218650e-081,
.62894687e-031],
.65791801e-08],
.01597957e-071,
.26611868e-03],
.23284529e-041,
.67816857e-111,
.63259856e-08],
.98373347e-07],
.98339412e-09],
.14412263e-09],
.20960106e-101,
.79199031e-09],
.21605991e-081,
.30754432e-07],
.47173169e-107,
.49867177e-051,
.76905802e-091,
.82747890e-081,
.07185145e-13],
.72579183e-07],
.62462203e-05],
.65319842e-08],
.73070999e-081,
.39271511e-08],
.07590678e-07],
.15784293e-02],
.59867788e-08],
.37265939e-07],
.49309649e-081,
.27887629e-07],
.02166454e-021,
.94938667e-03],
.91009276e-081,
.10492798e-131,
.22356081e-07],
.47851055e-051,



In [ ]:
















